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Abstract The goal of robust optimization problems is to
find an optimal solution that is minimally sensitive to uncer-
tain factors. Uncertain factors can include inputs to the
problem such as parameters, decision variables, or both.
Given any combination of possible uncertain factors, a
solution is said to be robust if it is feasible and the vari-
ation in its objective function value is acceptable within a
given user-specified range. Previous approaches for gen-
eral nonlinear robust optimization problems under interval
uncertainty involve nested optimization and are not compu-
tationally tractable. The overall objective in this paper is to
develop an efficient robust optimization method that is scal-
able and does not contain nested optimization. The proposed
method is applied to a variety of numerical and engineering
examples to test its applicability. Current results show that
the approach is able to numerically obtain a locally optimal
robust solution to problems with quasi-convex constraints
(< type) and an approximate locally optimal robust solution
to general nonlinear optimization problems.
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1 Introduction

Engineering optimization problems often involve uncontrol-
lable variations or uncertainties in both decision variables
and parameters. Optimal solutions that might be deter-
ministically feasible often end up being infeasible due to
uncertainty. Additionally, even small levels of variations
can cause large degradations in the objective function value.
Manufacturing errors, measurement problems, and uncer-
tainty in inputs are examples of sources for these variations.

In this paper, an approach for robust optimization, e.g.,
Ben-Tal et al. (2009), for linear, quadratic, convex, and
non-convex programs is developed by applying a worst-
case analysis using a decomposition method. No probability
distribution is presumed, but only intervals with a nomi-
nal point (user or problem-defined) are used to represent
the uncertainty in decision variables and/or parameters. The
problem structure in this paper reflects a real-world design
situation, e.g., when information about uncertain factors
during the early stages of a design process is often limited.

This paper’s approach (hereafter referred to as the
modified Benders method) has been tested and verified
with 14 optimization problem examples. A comprehensive
review of the literature was conducted and the main distinc-
tions between the proposed modified Benders method and
previous works are as follows:

1. In addition to considering nonlinear constraints, the
robust optimization problems in the proposed modified
Benders method also involve a nonlinear objective func-
tion.! This is more general than only considering a

'In some cases, a slightly stricter condition with convexity in the lower-
level of the Benders decomposition method is needed. However, we
did not encounter this in any of our test problems. A workaround to
this problem is available in Gabriel et al. (2009).

@ Springer



260

S. Siddiqui et al.

linear objective function in the problem as reported in
the literature (e.g., Balling et al. 1986; Ben-Tal and
Nemirovski 2002; Bertsimas and Sim 2006; Soyster
1973) or quadratic (e.g., Li et al. 2010) as well as other
versions involving convex programs (e.g., Ganzerli and
Pantelides 1999) or linearization to solve the prob-
lem (e.g., Balling et al. 1986). The modified Benders
method is able to obtain exact locally optimal robust
solutions to problems with quasi-convex constraints as
well as non-convex quadratic programs, which no one
method in the reported literature is able to achieve.
Other approaches also consider distributions for uncer-
tainty (e.g., Lee et al. 2009; Lagaros and Papadrakakis
2007) while the approach of this paper looks at a
worst-case analysis for interval uncertainty without any
explicit probability distribution or a nested optimization
structure. Moreover, the modified Benders method is
able to handle large uncertainties which earlier methods
(e.g., Balling et al. 1986; Soyster 1973) were not able to
tackle.

The proposed approach preserves the computational
tractability, theoretically and practically, of the deter-
ministic (i.e., nominal) problems. By contrast, under
interval uncertainty, the computational effort for pre-
vious methods (e.g., Gunawan and Azarm 2004; Li
et al. 2006) to obtain robust solutions is much higher
than their deterministic counterparts. However, results
from a variety of numerical experiments show that the
computational effort of solving the robust optimization
problems is not much greater than that of their deter-
ministic counterparts for the modified Benders method.
Moreover, the modified Benders method is scalable, in
that by numerical tests, the number of function calls per
iteration increases at most linearly with an increase in
the number of variables, variables and parameters with
uncertainty, and constraints.

Since this paper’s approach is based on gradient-based
methods, a globally optimal robust solution can never
be guaranteed for non-convex problems. However, this
paper defines the idea of a locally optimal robust solu-
tion, and shows that this approach can obtain a locally
optimal robust solution for nonlinear robust optimiza-
tion problems.

In addition to the uncertainty in the data of the prob-
lems (i.e., the parameters), interval uncertainty in the
decision variables corresponding to manufacturing tol-
erances, implementation errors, etc. where optimized
values cannot be achieved exactly, which is very com-
mon in practical engineering applications, is consid-
ered. For the current robust optimization formulations
in the literature (e.g., Ben-Tal and Nemirovski 2008;
Lu et al. 2010; Qiu and Wang 2010; Zhu and Ting
2001), considering uncertainty in the decision vari-
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ables may considerably change those formulations or
increase the complexity of the problem. The approach
in this paper, however, keeps the same formulation and
obtains locally optimal robust solutions to these prob-
lems with not much greater computational effort than
the deterministic problem.

There has been an abundance of literature modifying
Benders decomposition (Benders 1962) that enables
the algorithm to solve various types of optimization
problems. However, to the authors’ knowledge, there
have not been any modifications to Benders method
that solve nonlinear robust optimization problems with
interval uncertainty. Velarde and Laguna (2004) pro-
vided a Benders-based heuristic to solve the interna-
tional source allocation problem. In this problem, a
subset of international suppliers needs to be selected to
meet local demand. The uncertainty is in the demand
function parameters and exchange rates. However, their
approach did not consider uncertainty in variables. For
their approach to work, they needed to include control
variables, which change depending on the uncertainty
scenario to provide an easier route to solution. The
approach in our paper does not require the introduction
of such variables. Also, their methodology cannot be
extended to general nonlinear robust optimization prob-
lems. Saito and Murota (2007) described a method to
apply Benders decomposition to solve linear, mixed-
integer, robust optimization problems with ellipsoidal
uncertainty. However, this approach only works for lin-
ear problems. Finally, Montemanni (2006) applied a
Benders algorithm to a specific robust spanning tree
problem, while Ng et al. (2010) applied it to a specific
semiconductor allocation problem that had uncertainty.
Again, both approaches are not applicable to general
robust optimization problems and have not modified
Benders decomposition in the way this paper does.
There are related topics to robust optimization such
as anti optimization (e.g., Qiu and Wang 2010) and
reliability-based design optimization (e.g., Zou and
Mahadevan 2006) that run into the same problems as
described above of not being computationally tractable
or only working for a certain simple type of problems.
For example, Youn and Xi (2009) modified a double
loop problem (like robust optimization) into a single
loop so that it becomes computationally easier. This
work involved using an eigenvector dimension reduc-
tion method, and probability distributions, which may
not be applicable to general non-linear robust opti-
mization problems. Also, neither of these papers has
techniques that include interval uncertainty in param-
eters, in decision variables, along with being com-
putationally efficient. The modified Benders method
of this paper is not only directly relevant to robust
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optimization, but it handles the specific two-level struc-
ture of robust optimization in a less computationally
intensive way.

7. The modified Benders method provides a computation-
ally tractable way of solving combined optimization
and anti-optimization problems as well. Note that anti-
optimization is a generalization of interval analysis
and involves finding a worst-case design given non-
stochastic uncertainty (Elishakoff and Ohsaki 2010).
The lower-level problem of a robust optimization prob-
lem can then be described as an anti-optimization prob-
lem with the only slight difference being that robust
optimization considers uncertainty in both decision
variables as well as parameters, while anti-optimization
is focused on parameter uncertainty. Indeed, the two-
level combination of optimization and anti-optimization
as first outlined by Elishakoff et al. (1994) and later
described (Elishakoff and Ohsaki 2010) is equivalent to
solving a robust optimization problem with uncertainty
in parameters.

In the next two sections, the background terminology and
problem definition are described. Then, in Sections 4 and
5, a detailed formulation of the proposed modified Ben-
der’s method and its tractability is given. Section 6 provides
numerical and engineering examples from the literature that
highlight the differentiating characteristics of this method.
Some concluding remarks will be provided in Section 7.

2 Background terminology

Table 1 describes the terminology used in this paper.

First, an introduction to Benders Decomposition
(Benders 1962) will be provided. Benders decomposi-
tion is used to efficiently solve nonlinear programs (Conejo
et al. 2006) that can be decomposed into both compli-
cating and uncomplicating decision variables. Normally,
integer variables are defined as complicating variables as
fixing their values allows the problem to have a structure
that provides an easy solution (assuming the rest of the
problem is relatively easier to solve). However, in general,
the complicating variables need not be integer and can be
real numbers which, if fixed, render a simple or decom-
posable problem. Using notation provided above, Benders
decomposition seeks to solve an optimization problem of
the following form:

min f(ve, vy)
VesVu

s.t.

c(ve) =0

dWe,vy) =0

Table 1 Definition of terms

Symbol Interpretation

X Vector of decision variables

p Vector of parameters

f Objective function to be minimized

gj(x,p) Constraint functions of the form “< 0”

gj(x,p.x,p) Constraint functions of the form “< 0 modified

hj Constraint functions of the form “< 0” after
modification to binary values

Ax, Ap Maximum deviations of variables and parameters
from nominal values

X, p Deviations from nominal values of uncertain
variables and parameters, respectively:

X € [-Ax, +Ax], p € [-Ap, +Ap]

X, p Uncertain values of variables and parameters,
respectively: X € [x — Ax, x + Ax],
pelp—Ap, p+ Apl

Afo User-specified tolerance for acceptable variation in
objective function under uncertainty

Ve Complicating variable to explain standard Benders
decomposition

Vu Uncomplicating variable to explain standard
Benders decomposition

c(ve) Constraint of complicating variable

dve, Vi) Constraint of uncomplicating and complicating
variables

where

ve e U CRH"

vy €RM

fe,vu) e R — R

c(ve) : RN — RP

de, vy) : RV — R4 (1)
To solve this problem, the Benders decomposition tech-

nique fixes values of v, (which are part of a set U that can be

integers or other sets that are subsets of %i") and solves the

simplified problem after decomposing into a master prob-

lem and sub-problem (Conejo et al. 2006). First, define

an auxiliary function «(v.) as follows which expresses the

objective function of the original problem as a function
solely of the complicating variables.

a(ve) = rrgin S e, vi)
s.t.

d(e,vi) =0 @)
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Using the definition of «(v.), the original problem (1) can
be expressed as follows.

min o (ve)

Ve
S.t.
c(ve) =0 (3)
Iteratively, a subproblem (4) is solved to approximate o (v,)
from above by fixing values of the complicating variables

(ve = fixedy and obtaining the dual variables A to these
constraints as shown in (4).

min f (ve, vy,)
Vu

s.t.
Ve = v[ixed (dual - 1)
dWe,vy) 20 “)

Then, the solution to the above problem, (v') and the dual
variables (A%°') are used to construct “Benders cuts” in the
master problem to approximate the function” «(v.) from
below.

min o

o, Ve

S.t.
c(ve) <0
o 2 f(val')Ced vsgl) + )\sol (Vc _ val’)Ced) (5)

U

Since the master problem (5) has a larger feasible region, it
provides a lower bound (z;,) while the more restricted sub-
problem (4) provides an upper bound (z,;) for the solution
objective function value. These problems are solved itera-
tively until (z,p — 210)/(210) is less than some tolerance. As
long as the function «(v.) is convex, Benders decomposi-
tion provides an optimal solution. The next section defines
the specific robust optimization problem that is considered
in this paper.

3 Definitions and goal

The goal in robust optimization is to optimize the objective
function with respect to uncertain decision variables x, sat-
isfying all constraints and ensuring the objective variation
is kept within an acceptable range Afy, while account-
ing for uncertainty in decision variables and parameters p.

2 A sufficient condition for convergence is that the objective function
in formulation (4) needs to be convex. However, the modification this
paper presents, from the experimental results, does not need this con-
vexity as the Benders cuts are modified. For more information, please
refer to Conejo et al. (2006) and Gabriel et al. (2009).
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A parameter has a fixed deterministic value, which is
not changeable in the problem, but has an uncertainty
range. Specifically, this paper considers robust optimization
problems of the form:

min f (x, p)

S.t.

gi&. p<0 j=1,.,J
fG P~ fEp|

Afo
Vx € [x — Ax, x + Ax]
Vpelp—Ap,p+ Apl (6)

where f and g are continuous and first-order differentiable
in both x and p. In the next few paragraphs, we define a few
terms used in the paper.

Objective robustness For a candidate point x¢ objective
robustness holds if the inequality

f(ivﬁ)_f(xcvp) <1
Afo -

(N

is satisfied for all x € [x“ — Ax, x“ + Ax] and for all p €
[p — Ap, p + Ap]. Thus, this inequality ensures that the
maximum objective function variation stays below a certain
predetermined maximal amount A fy when presented with
deviations in uncertain variables and parameters.

Feasibility robustness For a candidate solution x¢ if

gix,p)<0 j=1,..,J )

is satisfied for all X € [x" — Ax, x4+ Ax] and for all p €
[ p—Ap,p+ Ap], then feasibility robustness holds. Note
that (7) is just another constraint, so it can be easily incorpo-
rated into inequality (8) when stating formulation (6). From
this point on, inequality (7) will not be stated separately in
any formulation but will be assumed to be incorporated in
inequality (8). For a more detailed description on objective
robustness, please refer to Li et al. (2006).

Robust point A robust point of a robust optimization prob-
lem is one that is feasible for all realizations of uncertainty
and satisfies objective robustness as outlined in (7). In other
words, a robust point is both objectively and feasibly robust.

Locally optimal robust For a robust optimization prob-
lem, a locally optimal robust solution x*, is a robust point
that is optimal (f(x*) < f(x),Vx € U’) within a neigh-
boring set U’ of robust points. It is essential that the
neighboring set be made up of only robust points otherwise
the term is ill-defined.
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Next, a description of the notation used and the goal of
the proposed method are provided. Write the uncertainty
elements as the sum of a nominal value x plus the uncertain
deviation x, similarly for p. Hence,

X=x+x, p=p+p. )

Observe that since g(x, p) is continuous in both x and
p, (9) can be substituted into the constraint functions (8).
Hence, g;(i. p) = g;(x + &, p + p) = g;(x. £, p. p) for
all j =1, ..., J. Note here that g now depends on four vari-
ables. The 1st and the 3rd variables represent the nominal
values and the 2nd and the 4th the variations under uncer-
tainty. This change in notation is due to the fact that the
variables with "~ on top will be used as complicating vari-
ables in the proposed modified Benders method. Clearly,
gj(x, %, p, p) are continuous and differentiable in x, p, X
and p.

The goal is to choose values of x such that the formula-
tion (6) gives an optimal solution regardless of the values of
X and p. Since this paper only considers the worst-case anal-
ysis, the method aims to get the “worst” values of X and p
for this problem. These are called “interval-optimal” values,
as defined next.

Interval-optimal ~ An interval-optimal value of X for a par-
ticular candidate solution x€¢ is defined as x* € [—Ax,
+Ax] such that g(x¢, x, p) < g(x¢, x*, p) for all real-
izations of x € [—Ax, +Ax]. The x* € [—Ax, +Ax] is
a particular value of the X such that the constraint attains
its maximum value at that particular value of uncertainty.
A similar definition is for the interval-optimal value of
the uncertainty in a parameter p. However, finding these
interval-optimal values can be computationally intensive,
as that would entail solving the robust optimization prob-
lem (6). Note that since g(x, p) is a continuous function of
X € [—Ax,+Ax] (and p € [—Ap, +Ap]) over a closed
and bounded interval set [—Ax, +Ax] ([—Ap, +Ap]), by
the Weierstrass theorem (Bazaraa et al. 1993) over compact
sets, there always exists at least one interval-optimal point
in every uncertainty interval for each candidate solution x€.

4 Formulation of approach

The strategy will be to partition uncertainty intervals for
variables and parameters and attempt to find the interval-
optimal points. Essentially, one can think of this as
attempting to check the robustness of a candidate solu-
tion by partitioning the uncertainty interval by points and
checking feasibility at each point. Clearly, if all con-
straints are feasible when fixed with the interval-optimal
values for uncertainty elements, then the candidate solu-
tion is robust. Partitions can be selected depending on

which type of constraint functions have uncertainty. In
particular, quasi-convex constraint functions are simplest
to consider. A function g(x, X, p) is said to be quasi-
convex in x € [—Ax, +Ax] if for all x € [—Ax, +Ax],
g(x,x, p) < max{g(x, Ax, p), g(x, —Ax, p)} (Bazaraa
et al. 1993). Hence, under uncertainty in x, the maximum
value of the function g lies on one of the endpoints of
uncertainty when g is quasi-convex. So finding the interval-
optimal point for quasi-convex constraint functions under
uncertainty entails checking one of the two endpoints of
uncertainty. A similar argument applies for uncertainty in
parameters.

If all constraint functions, including the constraint relat-
ing to objective robustness, are quasi-convex, the interval-
optimal values will lie on one of the endpoints of the
uncertainty interval. Note that all convex functions are
quasi-convex as well, so this result extends to convex con-
straints. Now, for quasi-convex constraints, the problem has
a different form from (6) as described in below:

min f(x, p)
X
S.t.

glx,p,x,p) <0

where

VX € {—Ax, Ax}

Vp e {—Ap. Ap} (10)
Essentially, the proposed method modifies Benders

decomposition to obtain the interval-optimal values and
uses them to solve the robust optimization problem. This
is most efficiently done by considering binary values for
uncertainty values at two endpoints (left endpoint signified
by 0, right endpoint signified by 1).

However, for nonlinear, not necessarily quasi-convex
constraint functions, the interval-optimal values need not
lie on the endpoints. For this, the constraint functions
in the uncertainty interval range need to be checked at
intermediary points to find the interval-optimal points.
Figure 1 shows how checking further points helps. For
quasi-convex constraints, Fig. la, only the endpoints need
to be checked. Since quadratic constraints are symmetric,
for concave quadratic constraints in particular (that are not
quasi-convex) checking three points (endpoints plus cen-
tral point of uncertainty interval) is enough to guarantee
a robust solution (in general true for all symmetric con-
cave constraints), Fig. 1b. For general nonlinear constraints,
however, problems might be encountered if enough points
within the uncertainty interval are not checked. This is
shown in Fig. 1c¢ where the method fails if enough points
are not selected. Selecting more points, Fig. 1d, solves this
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taG 2p) Constraint violated 19" %:1)
under uncertainty
-Ax +Ax o “Axp-AXg el . +Axy +AX1 g
/l ] l A
(a) (©
(=", 2,p) ta(x* %,p)
Ax +Ax ) -Axp-Axg -Axg [FAxg +Axg TAX e
(b) (d)

Fig. 1 Checking feasibility by interval-optimal points for constraints:
a quasi-convex: successful check by endpoints; b symmetric concave:
successful check by middle point and endpoints; ¢ non-convex: failed
check due to insufficient number of points; d non-convex: successful
check by sufficient number of intermediary points

problem. Points maybe selected according to the accuracy
desired for a locally optimal robust solution.

Checking additional points entails adding additional con-
straints that have different uncertainty variables Xx; €
[—Axg, Axi] and pr € [—Api, Aprl, k = 1, ..., K, with
uncertainty ranges that are subsets of the original uncer-
tainty ranges, i.e., [—Axg, Axg] C [—Ax, Ax] and [—Apy,
Api] C [—Ap, Ap] for all k = 1,..., K. In particular,
the modified Benders method considers a uniform distri-
bution of these points to be checked with Axy = Ax/k,
Apry = Ap/k, k = 1,..., K. To check for center points,
the constraints with X = 0, p = 0 need to be added.

So, the formulation changes from (10) by adding further
sample points (2K sample points as every pair of checked
points needs just one uncertainty range):

min f (x, p)

s.t.

g(x, p, %, p) <0
gx,p,0,00<0

g, p. Xk, pr) <0 k=1,....K
where

Vx € {—Ax, Ax}

Vir € {—Axp, Axi}) k=1,..,K
Vp € {—Ap, Ap}

Vi € {—Api. Api) k=1, K (1n

Here, Axy, Apr, k = 1,..., K are the different sample
points for the uncertainty interval as described by the black
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dots in Fig. 1. Note that 0 < Axy < Ax and 0 < Apy <
Ap. The uncertainty elements (with *) only take on two val-
ues (per element of vector) each. Without loss of generality,
by simple linear transformations, the endpoints of the uncer-
tainty intervals can be mapped to take on binary values of 0
or 1. An example of this linear transformation is given of
a simple example later (see Section 6.1). These binary vari-
ables need to be introduced for each parameter or variable or
constraint with uncertainty. For simplicity, as stated before,
the objective robustness constraint (7) is included within the
feasibility constraints (8) represented by g. However, for
ease of notation, since all the uncertainty has been included
in binary variables, the constraint functions will now be
signified by & as they have binary arguments. They are
essentially the same function as g, but 4 signifies the change
from continuous uncertainty elements to binary uncertainty
which also incorporates the multiple checking. The refor-
mulated problem then becomes for N variables and parame-
ters with uncertainty (accounting for partition of uncertainty
sets):

min f(x, p)

S.t.

hjx,p,b) <0 j=1,..,J

where

Vbijre{0,1} i=1,.,N,j=1,..,J,k=1..,K
(12)

Note that with this formulation, if the interval-optimal
points as defined above are obtained, they can be fixed
to help obtain robust solutions. The interval-optimal val-
ues input into constraints create a new restricted feasible
region in which all points are robust. Hence, solving the
optimization problems with the interval-optimal values in
the constraints will help obtain the robust solution. In other
words, if for a candidate solution x* the interval-optimal
values X*, p*, X, p; are obtained, they can be input into the
constraint g to get g(x*, p, X, py) <0,k =1,..., K. By
the definition of the interval-optimal value, g(X*, p*) < 0
forall x € [x —Ax,x+ Ax], p € [p— Ap, p+ Ap]
where ¥ = x* 4+ X*, X = p* + p*.

To speed up computation of the proposed approach,
gradient-based optimization algorithms (Bazaraa et al. 1993)
are used as opposed to population-based optimization ones
(such as Genetic Algorithms or Simulated Annealing).
In particular, the nonlinear solvers CONOPT in GAMS
(GAMS 2009) were used for all test problems except the
last one on heat exchanger design. Since the code for the
heat exchanger design problem was already available and
coded in MATLAB, finincon (MATLAB 2008) was used for
that particular problem.
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5 Modified Benders method: algorithm and tractability

The following are the steps for the algorithm to solve
for locally optimal robust solutions based on the standard
Benders decomposition algorithm (1)-(5) when applied to
problem (12) but with modified robust Benders cuts.

Set iteration counter (if) to 0. Pick a small positive
constant for tolerance (fol).

Step 1: Set iteration counter (if) to it = it + 1. The vari-
able b is a complicating variable since it takes on
binary values. Hence, the original master problem
will be:?
min o
a,b
S.t.
0<b<l
o = Omin
b e RNVIE (13)
The lower bound on « is user-defined depending
on the problem. Solving the above problem gives
a = aj; and b = Djxeq,i; (This is the solution b)
where
o = min f(x, p)

X
S.t.
hjx,p,b) <0 j=1,..,J
where
Ofb,'jkfl i=1,...N,j=1,...,J,k=1,...,. K
(14)

Step 2:  Fix the value of b, and then solve the following
subproblem as in the standard Benders decompo-
sition method.

w = min f(x, p)

X

S.t.

hjx,p,b) <0 j=1,..,J

where

bijk = bfixea,it (Dual : Xjji)

i=1.,N,j=1,..,J,k=1,..,K
(15)

Step 3: Check for convergence. Set z,, = w and zjop =

a;;. If the difference (zup — Zjow)/Ziow < tol then

3Note that the complicating variable b does not appear in the objective
function for the master problem (13).

stop. Note that in the first iteration, oy, iS usu-
ally set low enough to not get convergence. This is
important because up to that point, the algorithm
will not have deviated from the standard Benders
decomposition approach. If the problem does not
converge, proceed to Step 4. Strictly speaking, a
locally optimal robust solution is obtained only if
the difference between the upper and lower bound
is zero.

Add modified robust Benders cuts to take into
account the robustness aspects of the problem.
In Benders decomposition, the Benders cut that
would have been added would be:

Step 4

Wir + Aijk (Dijk — bit, fixed) < @ (16)

However, this value of A, a dual variable to the
constraint bjjx = bj; fixed, gives the direction
which will be favorable for the optimization.*
However, the method is modified to go towards
the interval-optimal direction obtaining a robust
solution that will be feasible for all realizations of
uncertainty. Hence, this dual variable is used to get
a “robust Benders cut” as follows:

Wir — Xijk(bijx — bit, fixea) < (17

Add this constraint to the original master problem
and return to Step 1.

Step 1 (returned): Solve the following master problem
after adding the robust Benders cut:

min o

b
s.t.
0<b<l1
a>0

Wir — Aijk(bijk — bir, fixed) < (18)
Step 2:  is next with a new value of b;;, f;xeq. The algorithm
proceeds in this manner until convergence is met.

Step 4 helps get a value of b = b* such that h(x*, b, p) <
h(x*, b*, p) for all possible values of b. In other words, this
method obtains an approximation of the interval-optimal
value of b which is a representation of the interval-optimal
values of X and p. This way, the method obtains locally

4Again, as discussed before, convexity of the sub-problem is a
sufficient condition to guarantee convergence. The dual variable A can
have slightly different interpretation for a general benders decompo-
sition method. However, numerical evidence in this paper shows that
with the modified Benders cuts this condition can be relaxed.
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Table 2 Analysis of function calls for one iteration

Operation Number of assignments Function calls
Objective function 1 1
Iteration counter 1 1
Constraints J+1 NUJ +1)
(Extra 1 for obj. robust)
Fixing uncertainty N N
at lower level
Slope of modified N NUJ+1)

Benders cut

Sample points for 2K 2KN 4 4KN — 2N
nonlinear

Total maximum - 2+ N + JN + 6KN

expected

optimal robust solutions as the modified Benders cuts only
select robust values. Benders decomposition provides opti-
mal values when the auxiliary function « is convex (Conejo
et al. 2006). It is beyond the scope of this paper to prove
theoretically that a convex o will always enable us to obtain
locally robust solutions. However, the numerical results
indicate that this assertion is true. There are ways to detect
and overcome the problem of a non-convex function «
(Gabriel et al. 2009). However, none of the test examples
had this difficulty.

Consider a single-objective robust optimization problem
with V variables, J constraints, P parameters, and N vari-
ables and parameters with uncertainty. One function call is
defined as any instance where the solver calls an objective
function, constraint, or other value or assignment in the opti-
mization problem. Table 2 gives the maximum number of
function calls possible through one iteration of the modified
Benders method. This analysis is only based on numeri-
cal evidence that the method finds a locally optimal robust
solution.

K is in most cases not more than 10. Hence, the number
of binary variables introduced to the formulation is NJK.
Note that this is the maximum theoretically possible func-
tion calls and actual function calls (as shown by examples)
are much less. For example, in the heat exchanger problem
(see Section 6.5), N = 8, J = 17, K = 10 and 6 iterations
were used to solve the problem so the maximum expected
number of function calls is 6(2+ 8+ (17)(8) +6(10)(8)) =
3,756. According to the results, it took only 984 function
calls to solve this particular problem.

6 Numerical results

The following numerical and engineering examples serve to
demonstrate applicability of the algorithm, compare the pro-
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posed algorithm to a previous algorithm from the literature,
and show the different types of problems that can be solved.
The first example is a simple numerical quadratic program
to show the algorithm steps in detail. The next three exam-
ples then increase the complexity (number of variables,
nonlinearity) of this quadratic program and show how the
number of function calls changes. The next two examples
are similar linear programs except that Example 6 has been
shown to need significantly higher number of function calls
to solve for the locally robust optimal solution than Example
5 (Li et al. 2010). Example 7 and 8 are examples of robust
optimization problems with quasi-convex constraints which
the modified Benders method is shown to solve exactly. The
next four problems are scalable versions of an engineer-
ing example with quasi-convex constraints. This example
shows that the modified Benders method is scalable and
can be applied to large problems without a drastic increase
in function calls. The final two examples are engineering
design examples that are nonlinear (non-convex) programs.
Of the two engineering examples, the first one (Welded
Beam Design) considers objective robustness and the sec-
ond (Heat Exchanger Design) considers feasibility robust-
ness. All optimization problems correspond to minimizing
a single objective function with a set of constraints. Prob-
lems labeled as “self” have been designed by the authors
to use as test problems; detailed formulations as well as
further characteristics of the solution are in the Appendix.
Solutions were checked by a simple uniform discretization
of the uncertainty range (each point separated by 0.01) to
see if any of the constraints were violated under uncertainty.
Tolerance (tol) was set to 0.00001 for all examples.

6.1 Numerical example (Example 1) to show methodology

A simple numerical example is presented to show how Ben-
ders algorithm is modified to obtain robust solutions. In
the following robust problem, uncertainty is only in the
constraint (without loss of generality).

min ((x; — 0.6)> + (x2 — 0.6)%)
X

s.t.

(@+q) +x1+x =<0

—x1 <0

—x2 =<0

where

Vg € {—Aq, Aq} 19)

Take ¢ = —1, Ag = 0.1. The robust solution to this prob-
lem (verified as unique algebraically) is x; = 0.45,xp =
0.45 with the interval-optimal value § = 0.1. Reformulate



A modified Benders decomposition method for efficient robust optimization under interval uncertainty 267

this problem to have 0, 1 binary variables as described in the
formulation in Section 4.

min ((x1 = 0.6)” + (x2 = 0.6)°)

s.t.

(=1+2pr—-DO.1)+x1+x <0

—x1 <0

—x2 <0

where

Vb € {0, 1} (20

Proceed according to the modified Benders method
described in Section 2.

Step 1: The master problem is the following:
min o
a,b
0<b<l1
a>0 21
The lower bound on « is obviously zero given the
form of (21). Solving the above problem gives o =
0 and b = 0. Here
a =min ((x; — 0.6)> + (x2 — 0.6)%)
X
S.t.
(=14+@b—-DO.D) +x1+x2 =0
—x1 <0
—x2 <0
0<b<l (22)
Step 2:  Fix b and then solve the following subproblem
w = min ((x; — 0.6)> + (x2 — 0.6)°)
X
S.t.
(=1+@b—-DO.1) +x1+x =<0
—x1 <0
—x2 <0
b=0 (M) (23)
This gives: x; = 0.55, xo = 0.55 with the dual
variable value A = 0.02.
Step 3:  Check for convergence with z,, — 2/ = 0.005 —

0 = 0.005 where z,, = ((0.55 — 0.6)> + (0.55—
0.6)2) and z;,,, = «. Since this is not good enough
for convergence, a modified Benders cut is added.

1 N
A N Constraint from
0.9 N s Standard . 1
\\ Benders Cut Unconstrained
0.8 - N\ Solution 4
AN
\\ Deterministic
0.7y N Solution
N

0.6/ AN :

- N .

Locally Optimal

=05t N Robust

[ & N Solution
0.4r Constraint from \\ 1

Robust AN
0.3} Benders Cut L \\ 4
" N
AN
0.2r N
Deterministic \\

01r Constraint N

0 L L L L 1 1 1 1 "d
0 0i 02 03 04 05 06 07 08 09 1

X

1

Fig. 2 Adding a modified (Robust) Benders cut

*Here is where the method differs from Ben-
ders decomposition* Add the following robust
Benders cut.

Step 4:

0.005 — A(b — b firea) < o (24)

The following graph (Fig. 2) shows what happens when this
cut is added. The standard Benders decomposition method
would have taken a cut that would have forced » = 0 and
that would have given the constraint with the dashed line.
However, the robust Benders cut (24) generates the cut sig-
nified by the dotted line, which is in fact the constraint that
forms the border of the robust feasible region.

Step 1 (returned): Solve the following master problem
after adding the robust Benders cut:

min «
b
S.r.
0<b<1
a>0
0.005 = A(b = Dfixed) <« (25)

Table 3 Solution steps for modified Benders approach

Iteration b X1 X2 Zlow Zup A
0 0.55 0.55 0 0.005 0.02
0.45 0.45 0 0.045 0.02
1 0.45 0.45 0.045 0.045 0.06
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Table 4 Detailed solution

for simple problem Information Nominal Robust

solution  solution
X1 0.5 0.45
X7 0.5 0.45
fx) 0.02 0.045
Function 5 11

calls

Step 2 is next with the new value of b. The algorithm pro-
ceeds in this manner until convergence. Table 3 summarizes
these results.

This simple problem was solved in three iterations. The
final row corresponds to the locally optimal robust solution,
which can be verified algebraically. The details are shown
in Table 4.

6.2 Results with numerical test problems

Table 5 describes the results obtained from the numerical
test problems. The first two examples have only uncer-
tainty in the parameters while the rest have uncertainty in
the parameters and the decision variables.

The same test problems were solved using the method
of Li et al. (2006) for robust optimization and the results
are displayed in Table 5. Not only does the method of Li
et al. (2006) use a lot of function calls, but often the robust
function value is higher than the modified Benders value.
Once the number of function calls exceeded 10, the run was
stopped for the method of Li et al. (2006). These solutions
have not been reported in Table 5 as well as in the rest of the

paper.

Table S Description of test problems

6.3 Fleury’s weight minimization like problem
(Engineering example)

This is a modified example from the literature (Groenwold
and Etman 2010) so that interval uncertainty is present in all
the decision variables. This example supports the approach
for feasibility robustness as well as corroborates the fact
that the modified Benders method is able to tackle prob-
lems with large number of variables and constraints without
being computationally expensive. The problem is for a given
number of variables N as follows:

N
min f(x) = ) x;

i=1

S.t.
095N | N |
-+ — ——N<0
Lty 2o ozNs
i=1 i=0.95N+1
095N | N |
Yo ——-—= — —09N <0
el D D <
= M N i=0.95N+1
1 - , .
— <x;<N° i=12,.,.N
N2
Xi € [x; — 0.1, x; +0.1] (26)

The modified Benders method solved this problem with
the results shown in Table 6 for N = 102, 103, 10%, and 10°.
Note that the number of function calls increase linearly with
the complexity of the problem. All variables have uncer-
tainty. Again, this example was compared to Li et al. (2006)
as shown in Table 6. However, the results for Li et al. (2006)
are not reported as the problem was stopped after a cer-
tain number of function calls. Here, the method of Li et al.
(2006) could, conceptually, solve this problem but would

Source #of #of Determ. Robust Lietal. # of # of Lietal.
variables constraints optimal optimal (2006) function function (2006)
function function function calls calls function
value value value (determ.) (robust) calls
Example 1 (Self) 2 3 0.02 0.045 0.045 5 11 540
Example 2 (Self) 4 6 9.02 9.145 9.268 7 19 2,592
Example 3 (Self) 4 6 9.02 9.145 9.268 7 21 2,808
Example 4 (Self) 4 6 9.77 9.885 9.920 7 21 2,916
Example 5 (Self) 5 12 —23.00 —21.50 —20.75 5 17 7,856
Example 6 (Self) 5 12 —31.21 —29.79 —28.36 5 17 11,099
Hock 100 (Hock 1980) 7 18 680.6 692.4 - 7 19 >10°
Hock 106 (Hock 1980) 8 22 7049 7219 - 5 17 >10°
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Table 6 Results for Fleury’s
weight minimization like Number of variables N = 10? N =103 N =10* N =10
problem
Tolerance 10°° 10-8 10-10 10-12
X1 to xg.95y (Determ.) 1 1 1 1
x1 to xp.95n (Robust) 1.1556 1.1556 1.1556 1.1556
X0.95N§ 41 to xy (Determ.) 1072 1073 104 103
X0.95N8+1 to Xy (Robust) 0.1+1072 0.1+1073 0.14+10~* 0.14107?
Function value (Determ.) 95.00005 950.0005 9500.005 95000.05
Function value (Robust) 110.2820 1102.820 11028.20 110282.0
Function calls (Determ.) 506 2.0 x 103 2.0 x 10* 2.0 x 10°
Function calls (Robust) 744 2.3 x 10* 1.9 x 10° 1.9 x 10°
Fn. calls (Li et al. 2006) >10° >10° >1012 >10'2

have taken a lot of computation time. However, the modified
Benders method solved all cases and produced only a linear
increase in computational effort as the number of variables
increased.

6.4 Welded beam design problem (Engineering example)

This example is a well-known welded beam problem from
Ragsdell and Phillips (1976). In this problem, a beam A is to
be welded to a rigid support member B. The beam has a rect-
angular cross-section and is made out of steel. The beam is
designed to support a force F = 6000 Ibf acting at the tip of
the beam, and there are constraints on the shear stress, nor-
mal stress, deflection, and buckling load on the beam. The
problem has four continuous design variables, and they are:
thickness of the weld (4), length of the weld (/), thickness
of the beam (), and width of the beam (b). All variables are
in inches. The objective of the problem is to minimize the
total cost f(x) of making such an assembly. For complete
formulation of the robust optimization problem including
specific values of the parameters, please refer to Gunawan
and Azarm (2004).

The solution from the modified Benders method is
different from the solution of Gunawan and Azarm (2004).
First, the modified Benders method’s nominal solution is
closer to an actual solution from an earlier paper by Ragsdell

and Phillips (1976) who provided an optimal objective func-
tion value of f = 2.38 while Gunawan and Azarm (2004)
provided f = 2.39. Second, the robust solution is also
lower in function value but still feasible. The robust solution
is also feasible for all realizations of uncertainty.

This example highlights the strength of the modified
Benders method over previous methods. The method of
Gunawan and Azarm (2004) involves a backward mapping
approach, which is known to omit solutions. The modified
Benders method, while giving a better solution (lower in
function value), is also computationally less expensive. The
solution is displayed in Table 7.

6.5 Heat exchanger design problem (Engineering example)

For this example (Magrab et al. 2004), the energy balance
on a heat exchanger can be written as

O = UAFAT, = (mcp)p(Th1 —Th2) = (mcp)e(Tea — Te1)
27

Several equations govern the above heat transfer. The above
(27) will be used as an objective function that is to be max-
imized, as well as constraints that restrict the structure, in
particular constraints on the pressure drop on the tube side
(Apy) and shell side (Aps). Subscript 1 denotes the fluid

Table 7 Results of welded

beam example Info Gunawan and Modified Gunawan and Modified

Azarm (2004) Benders Azarm (2004) Benders
nominal sol. nominal sol. robust sol. robust sol.

h 0.241 0.2444 0.246 0.2392

/ 6.158 6.2186 5.461 5.6753

t 8.5 8.2915 9.138 9.1225

b 0.243 0.2444 0.248 0.2392

fx) 2.39 2.3807 2.48 2.4236

Function calls N/A 8 250 38
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Table 8 Design variables and parameters with uncertainty

Table 9 Results for heat

exchanger design

Symbol Unit Description Uncertainty Information Nominal solution Robust solution
d; m Tube inside diameter (variable) d; £0.001 (0] 1006.77 906.09

m; kg/s Tube-side mass flow rate (variable) m; 4+ 1 d; 0.0160 0.0149

mg kg/s Shell-side mass flow rate (variable) mg £ 1 my; 10 9

Dy m Shell inside diameter (variable) Dg £0.01 myg 14 14

Pr m Pitch size (variable) Pr £0.01 Dy 0.3900 0.3900

T K Inlet temperature of hot fluid 65+ 1 Pr 0.0240 0.0311

Te1 K Inlet temperature of cold fluid 18+ 1 Function calls 49 984

ktube W/(m K) Thermal conductivity of tubes 60+ 1

entering while subscript 2 denotes it leaving; ¢ denotes the

cold fluid and % the hot fluid. In this example, cold water

is in the tubes and hot water is on the shell side and the

problem has been setup in a counterflow arrangement for

a 124 tubes and two-pass heat exchanger. Table 8 lists the

design variables and parameters with uncertainty (Fig. 3).
The optimization problem is the following:

max Q

s.t.

Aps < 35000
Ap; < 50000
Tho < 60
NpAr < Ag
-C<0

L <40

7<m; <10

13 <my; <16
0.001 < Dy <2
0.002 < Pr < 0.1

0.0001 < d; < 0.1 (28)

Table 9 shows the results.

Fig. 3 Heat exchanger
schematic (Magrab et al. 2004)

The thing to note about this example is that with less
than an average of 1% uncertainty, the objective function
value decreases by almost 10%. Hence, in the design of
any model, it is important to consider the uncertainty in the
problem, which can lead to different designs as well. This
problem was also tried with the method of Li et al. (2006)
however after 10 function calls, the approach was stopped.
For the complete formulation of this problem, see Magrab
et al. (2004) and the Appendix for definition of terms in the
heat exchanger design.

7 Concluding remarks

This paper presents an efficient robust optimization
approach to solve problems that have parameters and/or
decision variables with interval uncertainty. The proposed
modified Benders method obtains robust optimal solutions
to linear programming, quadratic programming, convex and
non-convex programming problems. The approach is com-
putationally tractable and is tested with 14 numerical and
engineering examples with the most general being nonlinear
(non-convex) objective function and nonlinear (non-convex)
constraint robust optimization problems. The modified Ben-
ders method provides an approximate locally optimal robust
solution to general nonlinear robust optimization problems,
with a way to improve this approximation if desired.

— 5 —>
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o I T
4—
I B Tcl
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The test examples show the strength of this method
when compared to two previous approaches. Not only is
the method computationally efficient, but also obtains bet-
ter solutions when compared to these previous methods.
The method is scalable, that is, number of function calls
increases at most linearly with an increase in number of
variables.

Acknowledgements The authors wish to thank Dr. Mian Li and Mr.
Amir Mortazavi for their constructive ideas to improve the paper. The
work presented in this paper was supported in part by the Office of
Naval Research Contract NO00140810384. Such support does not con-
stitute an endorsement by the funding agency of the opinions expressed
in this paper.

Appendix: Test problems formulations

For examples 2 to 4: ¢ = —1,92 = —1,Aq- = 0.1,
Agr = 0.1, Ax3 = 0.1.

(Example 2)

min ((x1 = 0.6)* + (x2 — 0.6)* — x3 — x4 + 10)
S.r.

(g1 +q1) +x1+x <0

(@2+¢)+x3+x4 <0

—x1 <0, =x2 <0, =x3 <0, —x4 <0

where : ¥q1 € {—Aq1, Aq1}, Vg € {—Aqa, Az} (29)

(Example 3)

min ((x; = 0.6)> + (x2 = 0.6)* — %3 — x4 + 10)
S.t.
G +q)+x1+x=<0
(@2+G2) +%3+x4 <0
—x1 <0, —x2 <0, —x3 <0, —x4 <0
where : V41 € {—Aq1, Aqi}, Vg2 € {—Ag2, Aga},
Vx3 € {x3 — Ax3, x3 + Ax3} (30)

Table 10 Solution to Example 2

Table 11 Solution to Example 3

Information Nominal Robust Solution of
solution solution Li et al. (2006)

X1 0.5 0.45 0.375

X 0.5 0.45 0.375

X3 1 0.10 0.416

X4 0 0.70 0.416

f(x) 9.02 9.145 9.268
Function calls 7 21 2808
(Example 4)

min ((x; — 0.6)> + (x2 — 0.6)* — F3x4 + 10)
X

s.t.
(g1 +q1)+x1+x <0
(@2+G2)+33+x4 <0

—x1<0,—x=<0,-Xx3<0,—x4 <0

where N§q1 € {—Aq1, Aq1}, Vg2 € {(—Aq2, Aga},

VX3 € {x3 — Ax3, x3 + Ax3}

(Example 5)

Ax = Ap =0.1

n&in(le + 3x2 — 5x3 — 2x4 + 3x5)
s.t.

X435 —2x3—x4+3x5—1>0
2X1 —2Xp+3x3—x4+x5—3>0
i=1,2
i=3,4,5

—-5=<x <35,

Table 12 Solution to Example 4

€29

(32)

Information Nominal Robust Solution of Information Nominal Robust Solution of
solution solution Li et al. (2006) solution solution Li et al. (2006)
X1 0.5 0.45 0.375 X1 0.5 0.45 0.40
X2 0.5 0.45 0.375 X2 0.5 0.45 0.40
X3 1 0.90 0.416 X3 1 0.90 0.40
X4 0 0 0.416 X4 0 0 0.40
f(x) 9.02 9.145 9.268 f(x) 9.77 9.8850 9.92
Function calls 7 19 2592 Function calls 7 21 2592
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Table 13 Solution to Example 5

Table 15 Solution to Hock 100

Information Nominal Robust Solution of Information Nominal Robust Solution of
solution solution Li et al. (2006) solution solution Li et al. (2006)
X1 —4.00 —3.40 1.04 X1 2.3304 2.2350 -
X —5.00 —4.90 —4.53 X 1.9514 1.8546 -
X3 5.00 5.00 5.00 X3 —0.4775 —0.4749 -
X4 —5.00 —5.00 —-0.37 X4 4.3657 4.3533 -
X5 5.00 5.00 5.00 X5 —0.6245 —0.6251 -
f(x) —23.00 —21.50 —20.75 X6 1.0381 1.0359 -
Function calls 5 17 7856 X7 1.5942 1.5970 -
f(x) 680.6301 692.3847 -
Function calls 7 19 >10°
(Example 6)
Ax = Ap =0.1
(Hock 106)
min(2.1x; + 3.07xy — 5x3 — 2x4 + 2.4x5)
X
s.t. Ax = Ap =0.1
0.9%) + X —2.2x3 — 1.1xg +3.5x5 — 1.2 >0
2% — 2% 4+3x3 —x4+x5—10>0 min((x1) + (¥2) + (x3))
—-5<x <5 i=12 S.L.
—5<x; <5, i=3,4,5 (33) -
1 —0.0025(x4 +x6) =0
1 —0.0025(x5 +x7 —x4) >0
(Hock 100)

This is problem 100 modified from Hock and Schittkowski
(1980). Ax = Ap = 0.1

min ((F — 10)> + 5% — 12)% + 23 + 3(xa — 11)?
X

+ 10)656 + 7x§ + x;‘ — dxgx7 — 10x6 — 8x7)
S.t.
127 — 25} — 3%5
282 — 7% — 3% — 10x3 — x4 + x5 > 0
196 — 235 — X2 — 6x2 4+ 8x7 > 0
— 437 — 3 4 3%1% — 243 — Sxe + 11x7 > 0 (34)

—X3—4xf—SX5zO

Table 14 Solution to Example 6

Information Nominal Robust Solution of
solution solution Li et al. (2006)

X1 -5.00 —4.90 —4.23

X2 —5.00 —4.90 —4.52

X3 5.00 5.00 5.00

X4 —3.82 —4.27 —3.67

X5 5.00 5.00 5.00

f(x) -31.21 —29.79 —28.36
Function calls 5 17 11099

1—-0.01(xg —x5) >0

X1x6 — 833.33252x4 — 100x; 4 83333.333 >0

Xox7 — 1250x5 — Xpx4 + 1250x4 > 0

X3xg — 1250000 — X3x5 + 2500x5 > 0

100 < X1 < 10000, 1000 < X2 < 10000,

1000 < x3 < 10000, 10 < x; <1000, i=4,..,8 (35)

Table 16 Solution to Hock 106

Information Nominal Robust Solution of
solution solution Li et al. (2006)

X1 579.32 388.73 -

X 1359.94 1540.21 -

X3 5110.07 5290.11 -

X4 182.02 150.89 -

X5 295.60 288.40 -

X6 217.98 209.11 -

X7 286.42 262.49 -

Xg 395.60 388.40 -

f(x) 7049.33 7219.06 -

Function calls 5 17 >10°
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(6.5: Heat Exchanger Design)

Table 17 Additional details for

heat exchanger formulation Symbol Units Description Value
cp J/(kg K) Specific heat at constant pressure Variable
dy m Tube outside diameter Variable
f Tube flow friction factor Variable
fs Friction factor shell side Variable
ho W/(m? K) Heat-transfer coefficient outside tube Variable
hi W/(m? K) Heat-transfer coefficient inside tube Variable
k W/(m K) Thermal conductivity of fluids Variable
Aps Pa Shell-side pressure drop Variable
Ap; Pa Tube-side pressure drop Variable
u; M/s Mean axial velocity of fluid in tube Variable
Ao m? Tube outside surface area per pass Variable
A; m? Tube inside surface Variable
Ag m? Cross-flow area at or near shell centerline Variable
A; m? Total cross-sectional area of tubes per pass Variable
B m Baffle spacing 0.5
C m Clearance between adjacent tubes Variable
CL Tube layout constant 1 (for 90°)
Crp Tube count calculation constant 0.90
D, m Equivalent diameter of shell Variable
F LMTD correction factor Variable
L m Tube length Variable
Np Number of baffles (Integer = B/L) 4
Nr Number of tubes 124
Ny Number of tube passes 2
Pp w Pumping power of fluid in tubes Variable
Pr Prandtl number Variable
(0] w Heat-transfer rate Variable
Ry (m? K)/'W Fouling resistance on outside of tube 0.00015
Ryi (m? K)/'W Fouling resistance on inside of tube 0.00015
Rey, Reynolds number at Ty Variable
Reg Shell-side Reynolds number at T, Variable
AT, K LMTD Variable
Tho K Outlet temperature of hot fluid Variable
Te2 K Outlet temperature of cold fluid 315
T K Bulk temperature Variable
Tw K Wall temperature Variable
U W/(m? K) Average overall heat transfer coefficient based on A Variable
s Viscosity correction factor Variable

kg/(s m) Dynamic viscosity Variable

“Variable” in the last column of . . .

Table 17 implies non-constant Wp kg/(s m) Dynamic viscosity at Ty Variable

terms in the model and not deci- K kg/(s m) Dynamic viscosity at Ty Variable

sion variables which can be seen P kg/m? Density Variable

in Table 8
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Table 18 Number of iterations and CPU time to solve problems

Test problem Number of CPU
iterations (2.0 GHz, 4 GB RAM)
time (s)

Example 1 3 0.560
Example 2 3 0.787
Example 3 3 1.654
Example 4 3 1.435
Example 5 3 3.821
Example 6 3 3.494
Hock 100 4 30.552
Hock 106 4 25.645
Fleury (N = 10%) 6 9.328
Fleury (N = 10%) 9 324.532
Fleury (N = 10%) 12 886.321
Fleury (N = 10°) 15 2123.453
Welded beam 4 1.606
Heat exchanger 6 45.234

The following equations are the ones coded into MAT-
LAB and are selected from the whole formulation to provide
further insight. For complete formulation and all equations
used, please refer to Magrab et al. (2004).

(mcp)
Thor = Ty — P (T — Ter) (36)
(mcp)s
fm}
Ap; = Co———— 37
Pt 0 UFAT, (37
2
N, 1)D
Aps = M (38)
2AsIOD€¢S
L = (mcp)t(TcQ —Te1) (39)
wdoNt FAT,,
N T — T,
Co = p(cp)t( 2 ;1) (40)
2rd;doNr o1 A
JTd~2NT
A = —-—- 41
' ANy 41
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